In this paper, based on the idea of the homogeneous balance method and with the help of Mathematica, we obtain a new auto-Bäcklund transformation for the generalized two-dimensional Kortewegde Vries-Burgers-type equation and a new auto-Bäcklund transformation for the generalized twodimensional Burgers-type equation by introducing two appropriate transformations. Then, based on these two auto-Bäcklund transformation, some exact solutions for these equations are derived. Some figures are given to show the properties of the solutions.
Introduction
The Bäcklund transformation (BT) of nonlinear partial differential equations (PDEs) plays an important role in soliton theory. It is an efficient method to obtain exact solutions of nonlinear PDEs. The nonlinear iterative principle of the BT converts the problem of solving nonlinear PDEs to purely algebraic calculations [1 -5, 7, 8, 10] . In order to obtain the BT of the given nonlinear PDE, various methods have been presented. One of them is the homogenous balance (HB) method, which is a primary and concise method to seek for exact solutions of nonlinear PDEs [4 -10] . In [4, 5] , Fan extended the HB method to search for BTs and similarity reductions of nonlinear PDEs. So more exact solutions for these PDEs can be obtained by the improved HB method. Now we briefly describe the HB method, for a given nonlinear PDE, say, in two variables, H(u, u x , u t , u xx , ··· ) = 0.
(1.1)
We seek for the BT of (1.1) in the form
where w(x,t), u = u(x,t), and u = u(x,t) are undetermined functions and m, n are positive integers deter-0932-0784 / 03 / 0700-0464 $ 06.00 c 2003 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com mined by balancing the highest derivative term with the nonlinear terms in (1.1) (see [4, 5] for details). However, we find that the constants m, n should not be restricted to positive integers. In order to apply the HB method to obtain a BT for a given PDE when m, n are not equal to positive integers, we have to seek for some proper transformations. In this paper, we consider the generalized twodimensional Korteweg-de Vries-Burgers-type (2D KdV-Burgers-type) equations
and the generalized 2D Burgers-type equations, obtained if b = δ = 0,
Equations (1.3) and (1.4) include many important mathematical and physical equations which have been studied by many authors. To quote a few: (I) In two-dimensional cases:
1. 2D KdV-Burgers equation:
2. the Kadomtsev-Petviashvili (KP) and the generalized KP equations: [16] . [16] . [18, 19] .
(II) In one-dimensional cases:
1. Burgers, KdV, mKdV, the combined KdV and mKdV equations, Burgers and KdV-Burgers equations (see e. g. [1, 2] ):
2. Generalized KdV and KdV-Burgers like equations with higher order nonlinearity: [21] .
In this paper, based on the idea of the HB method and with the help of a symbolic computation system as Mathematica, a new ABT for (1.3) and a new ABT for (1.4) are derived by use of two proper transformations. Then, based on these two BTs, several families of exact solutions for (1.3) and (1.4) are found. This paper is organized as follows. In Sect. 2, we derive a BT for (1.3). In Sect. 3, based on this BT, a family of exact solutions for (1.3) is obtained. In Sect. 4, a new BT for (1.4) and a family of exact solutions for (1.4) are obtained. Concluding remarks are given in the last section.
Auto-Bäcklund Transformation for Eq. (1.3)
Let us consider the generalized 2D KdV-Burgerstype equation (1.3) . Under the condition b = 0 and δ = 0, according to the idea of the HB method [4 -10] , by balancing u xxxx with (u 2p u x ) x in (1.3), we get the balance constants m = 1 /p, n = l = 0. It is obvious that m may be an arbitrary constant. In order to apply the HB method in this case, we first make the transformation
Substituting (2.1) into (1.3) yields
Then by balancing v 3 v xxxx with v 5 v xx in (2.2), we get the balance constants m = 1, n = l = 0. Therefore we seek for the Bäcklund transformation of (2.2) in the form
Here and in the following context := ∂/∂w, f (r) = ∂ r /∂w r , and f = f (w), w = w(x, y,t) and ϕ = ϕ(x, y,t) are undetermined functions.
With the help of Mathematica, substituting (2.3) into (2.2) yields (because the formula is so long, just one part of it is shown here)
To simplify (2.4), we set the coefficient of w 8 x to zero. Thus an ordinary differential equation for f is obtained:
Solving (2.5) we obtain a solution
Define β = ± −(1 + p)(1 + 2p)δ/bp 2 and substitute (2.6) into (2.4). Formula (2.4) can then be simplified to a linear polynomial of 1 w . If we take the coefficients of 1 w i (i = 0, ··· , 7) to be zero, we obtain a system of eight PDEs for w(x, y,t) and ϕ(x, y,t). Because the system is very complex, for simplicity we don't list them. We only give a simple program with some key Mathematica commands to show how to produce the system in the Appendix.
Under the conditions p = 0, −1, − 1 2 and b, δ = 0, from (2.1), (2.3) and (2.6), we obtain a desired ABT of (1.3):
where w satisfies the system of 8 PDEs produced by "Out [14] " in the Appendix, ϕ is a solution of (2.2).
Explicit Exact Solutions for Eq. (1.3)
Now we use the ABT consisting of (2.7) and the system of 8 PDEs produced by "Out [14] " in the Appendix to exploit some explicit exact solutions for (1.3). If we look for the solution of (2.2) with ϕ = 0, then the system of 8 PDES reduces to only 4 equations, 
To solve (3.1) -(3.4), we assume that w(x, y,t) has the form 
while A, B, c remain arbitrary constants. From (2.7), (3.5) and (3.6) we can obtain a family of solutions of (1.3),
where k and d satisfy (3.6), β = ± −(1 + p)(1 + 2p)δ/bp 2 , A and B are arbitrary constants.
From (3.7), a family of kink-shaped solitary-wave solutions and a family of singular solitary-wave solutions for (1.3) are obtained as follows: Remark 1: From our solutions (3.8), some known solutions of the KdV-Burgers-type equation in oneand two-dimensional cases can be recovered [11 -22] . For example, if we set c = s = 0, from (3.8) the equation
has the kink-profile solitary-wave solutions
It is not difficult to verify that the solutions (3.11) of (3.10) coincide with the solutions (4.7) and (4.8) in [15] . Therefore the solutions (4.7) and (4.8) given in [15] are special cases of our solutions (3.8). 
ABT and Exact Solutions for Eq. (1.4)
We now consider the Burgers-type equation (1.4) . Note that we do not obtain the BT for (1.4) from the BT derived in Section 2. But the method can be used.
Proceeding as before, balancing u xxx with u p u xx in (1.4) yields m = 1 p , n = l = 0. Therefore we make the transformation
Then, substituting (4.1) into (1.4) yields With the help of Mathematica again, substituting (4.3) into (4.2) yields (because the formula is so long, just one part of it is shown here)
To simplify (4.3), we set the coefficient of w 6 x to zero and obtian an ordinary differential equation for f : Define α = (1 + p)r/ap and substitute (4.6) into (4.4). Formula (4.4) can be simplified to a linear polynomial of 1/w, then setting the coefficients of 1/w i (i = 0, ··· , 5) to zero, we obtain a system of 6 PDEs for w(x, y,t) and ϕ(x, y,t). For simplicity, we don't list them. The reader can easily produce them by Mathematica. From (4.1), (4.3) and (4.6), we obtain the desired Bäcklund transformation of (1.4)
where w satisfies the system of 6 PDEs and ϕ is a solution of (4.2). Now we use the Bäcklund transformation consisting of (4.7) and the system of 6 PDEs to exploit some ex- plicit exact solutions for (1.4). If we consider the case ϕ = 0, then the system of 6 PDEs reduces to To solve (4.8) -(4.10), we again assume that w is of the form 
Substituting (4.11) with (4.12) into (4.7), we can obtain a family of solutions for (1.4):
From (4.13), a family of kink-shaped solitary-wave solutions and a family of singular solitary-wave solutions for (1.3) are obtained: 15) where k, c, d are arbitrary constants.
Remark 2: 1. If we consider the case ϕ = 0, from (4.7) -(4.10), we obtain a BT of the Burgers equation u t − 2uu x − u xx = 0 as follows:
where w = w(x,t) satisfies
It is well-known that this transformation is the ColeHopf transformation [1, 2] .
2. From (4.14), the solutions of the Burgers equation u t − 2uu x − u xx = 0 can be recovered
(4.18)
Concluding Remarks
In this paper, based on the idea of the HB method and using Mathematica, we derive an ABT for the generalized 2D KdV-Burgers-type equation and an ABT for the generalized 2D Burgers-type equation by introducing two proper transformations. Based on these BTs, several families of exact solutions for equations (1.3) and (1.4) are obtained. This method can also be applied to other PDEs. In addition, this method is also computerizable, which allows us to perform complicated and tedious algebraic calculations on a computer. But it is necessary to point out that from our solutions (3.7) -(3.9) obtained in this paper we can not deduce the solutions of KP-type equations, because when 
